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Conclusion
Closed-form solutions for finding the largest possible hypersphere of stability for third- and fourth-order Hurwitz polynomials

are reported. These formulas are very convenient to use and reduce computational effort to a minimum. They can be employed
to find bounds under weakly structured perturbations as well as highly structured perturbations.

Appendix
The three sets of simultaneous polynomials in Table 2 are reduced to single polynomials that are shown here. Since a special form

of the Euclidean algorithm12 is utilized, the resultant polynomials have more roots than the original two polynomials. These extra
roots can be easily identified and eliminated by back substitution in the original polynomials. These equations were derived with
the help of Mathematica 1 1 and verified numerically against their corresponding equations in Table 2.

Equation (*) can be solved by solving:
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Equation (**) can be solved by solving:
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Equation (***) can be solved by solving:
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New Analytical Solutions for
Proportional Navigation
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I. Introduction

P ROPORTIONAL navigation (PN) is accepted as a cele-
brated guidance law for many guided missile applications

like the surface-to-air, air-to-air, and air-to-surface missile
encounters, standoff weapon delivery, and space rendezvous.
In earlier studies, the guided point (pursuer) is assumed to
move toward a target point in a plane containing the velocity
vectors of the two points.1 The PN strategy is defined such
that the velocity vector (heading) of the pursuer is turned at a
rate proportional to the rotation rate of the the line joining the
pursuer and target which is the line of sight (LOS). The PN
principle helps to estimate the magnitude of the lateral acceler-
ation as a function of LOS turn rate. Three different types of
PN have been defined: pure proportional navigation (PPN),
true proportional navigation (TPN), and generalized true pro-
portional navigation (GTPN) (see Fig. I).7

All cases of PN are described by highly nonlinear equations
of motion. Currently, there is a great deal of interest in obtain-
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ing closed-form solutions for the nonlinear equations of mo-
tion governing the PN law.3 Parallel to this, optimal guidance
schemes have also been studied in great deal. Optimal guid-
ance leads to a nonlinear two-point boundary-value problem
whose solution has been obtained analytically in closed form
by Lin and Tsai,4 Rao,5 and Hough.6

Yang et al.8 have extended the results of TPN to any angle
between the missile acceleration and the LOS GTPN. Their
GTPN closed-form results are restricted to cases where the
theoretical acceleration gain constant Kr is zero. This Note
presents the closed-form solution of TPN where Kr ^0. This
derivation is presented in Sec. II. The generalization presented
for GTPN here will be able to handle any function of line-of-
sight angle.

We hope the results will provide new insights into the exist-
ing analytical solution on proportional navigation.

II. Analytical Solution of GTPN for Kr ^0
Recently, Yang and Yeh8 have formulated a general propor-

tional navigation law for homing missiles. This law is in a
generalized form; the other existing proportional navigation
laws are derived as particular cases, namely, the TPN law.
Yang and Yeh show that the GTPN law is considered more
advantageous than the existing TPN law and also leads to
greater capture area and shorter intercept time.

The relevant equations are expressed as

dd
dVe

dO
when compared to the formulation in terms of usual accelera-
tion, namely,

r — r0 , - — i
r dt

This alternative approach as formulated by Yang and Yeh
leads to the closed-form solution; the TPN case as formulated
by Guelman2 forms the particular case of their study, which is
formulated in terms of acceleration along and normal to the
radius vector.

Yang and Yeh claim that generalized proportional naviga-
tion, when formulated in terms of acceleration cannot be
solved analytically in the presence of Kr ^0 (Ref. 8).

The present Note shows the existence of the closed-form
solution when the governing equations are expressed in terms
of the acceleration.

From both formulations, TPN has been solved analytically
in terms of position as an instantaneous function of time to
intercept.

In this study, all of the notations and assumptions are the
same as in Ref. 8; new terms will be defined at the appropriate
places.

Method of Solution
The differential equations (4a), (4b), (5a), and (5b) of Ref.

8 are taken for the study and analyzed for results. They are
given as follows:

System I:

^ =(Ve-Kr)^- (la)

System II:

(Ib)

(2a)

(2b)

TRUE PROPORTIONAL NAVIGATION (TPN)

PURE PROPORTIONAL NAVIGATION (PPN)

.GENERALISED TRUE PROPORTIONAL NAVIGATION (GTPN)

Fig. 1 Types of proportional navigation.

System I or II is the system governing the generalized propor-
tional navigation. System I can be solved easily once the inde-
pendent variable t is changed to 0.

Solution of System I
System I becomes

(3)

d0 = (-yr-K,) (4)

Equations (3) and (4) are the same as Eqs. (6a) and (6b) of
Ref. 8.

From Eqs. (3) and (4), we get

dV,.
-Vr-Kt (5)

The differential equation (5) is easily solved as the variables
are separable. Hence,

- (K2/2) -K,Vr = (6)

The constant of integration C can be easily determined with
the aid of the condition as taken from Ref. 8. Hence,

(7)

where



J. GUIDANCE, VOL. 16, NO. 3: ENGINEERING NOTES 593

Hence, Eq. (7) describes the circle with center ( — Ke, + Kr)
and radius R. In Ref. 8, the relation between Ve and Vr is
expressed in parametric form, namely,

v = a cos </> + X

cf. Eqs. (8a) and (8b) of Ref. 8

v = b sin 0 + X2

This is obtained after nondimensionalizing Ve and Vr.
Thus, the further relation between angular momentum and

t and angular momentum and the aspect angle 6 is derived. It
is shown here that it is possible to obtain the closed-form
solution with system II when Kr ^0.

where

Solution of System II

dr2 _ /d0V _ _ d0
~dt2~r\dt) " ~Krdt

r dt dt

By decoupling Eqs. (8a) and (8b), we get

r' r" +rr"(rf

where

e) [a 2r

(8a)

(8b)

(9)

r =
de2 '

dr_
dt

dt3

The differential equation (9) is the third-order (nonlinear)
equation inr, and Ke and Kr are as defined in Ref. 8.

The solution of Eq. (9) must be obtained. This will establish
that system II is solvable in closed-form when Kr ^0.

It can be seen that the relation

(Kr)2 = R2 (10)

is the first integral of Eq. (9) that is also the solution of the
system of Eqs. (3) and (4). It can also be easily verified that the
derivative of the relation (10) leads to Eq. (9) after some ma-
nipulation, thus establishing the relation (10) as the first inte-
gral of Eq. (9).

The case of TPN that corresponds Kr = 0 is obtained from
system II. When Kr = a=Q, the differential equation (9) be-
comes

(rf 2r r'r" +rr"
(11)

(12)

2V

After simplification, it further reduces to

3r' r" + rr'" + 2Ker" = 0

Alternatively,
3r'r" +rr"r +2Ker" =0

Equation (12) is a nonlinear equation of third order. This
can be solved in closed-form giving r as a function of t.

The solution of Eq. (12) is

(13)

M2=

V = r/T;

X2, X2, and K are constants. Xi and X2 are different from those
defined in Ref. 8.

When Kr = 0, we get from Eq. (10)

rr" = R2 (14)

which also admits the solution as given by Eq. (13).
Thus, it is seen that when Kr=Q, i.e., the TPN case, the

position can be expressed as an instantaneous function of time.

Analytical Solution of System II when Kr 5*0
The decoupled equation (9) admits the first integral given by

Eq. (10), namely,

(Ke)2

- Kr (a+^a2 + 4rr") + (Kr)2 = R2

This can be written also as

(r'B) = a + V#2-(r ' +Ke)2

Solving Eq. (8a) for (rO) and from Eq. (16), we get

rr" =a^]R2-(r'+Ke)2 + [R 2 - (r' + KO)2]

(15)

(16)

(17)

The differential equation can be solved relating rand dr/dt.
By changing the independent variable t to r and writing

dr

and letting

(P+Ke) = R sine

we get the solution of the differential equation as

(R cosd + Kr)[-J(R2-K2)tanO/2-(R+Kr)Y

where

\ = (P+Ke)/R

(18)

tan^/2 = = const

Equation (18) relates the position in terms of its rate, i.e.,
dr/dt, whereas the relation of Ref. 8 relates angular momen-
tum in terms of position and time.

Thus, it is clear that the generalized proportional navigation
when described by system II, namely, by Eqs. (8a) and (8b), is
also solvable in closed form when Kr ^ 0.
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III. More Generalized Closed-Form
Solutions of GTPN

The equations of motion governing the proportional naviga-
tional course as given by Eq. (6a) and (6b) of Ref. 8 are

These are the nonlinear differential equations whose solution
must be obtained to get the trajectory history of the missile
following this type of law.

In Ref. 8, a closed-form solution to the preceding equations
is presented by taking the functions F(0) and G(0) as

F(B)= -K[f'(e)-g(0)}

G(0) = -

(19)

(20)

where K is the proportionality constant and prime denotes the
differentiation with respect to 0.

By changing the independent variable from t to 6, the sys-
tem (6a) and (6b) takes the form,

V;-V6= -K[f'(ff)-g(0)] (21)

0)] (22)

In Ref. 8, the solution of this system is expressed as

-Vr=R cos(0 - 00 + «) + Kf(G) (23)

Ve = R sin(0 - (24)

where

tan a = - [Kg(60) + K,0]/ [Kf(0Q) + VrQ]

In the present Note it is shown that the closed-form solution
is possible when F(0) and G(0) are taken as any general func-
tion of 6. The solution of Yang and Yeh8 can be easily obtained
from this general solution by taking F(0) and G(0) as given by
Eqs. (19) and (20).

IV. Analytical Solution of System (19) and (20) when
F(0) and G(0) are Held as a General Function of 6
After changing the independent variable t to 0, we get

(25)

(26)

This is a simple first-order system in Vr and Ve. By elimination
of F0, we get

(27)

The general solution of Eq. (27) is

Vr = A cos 0 + B sin 0 - cos 0
W J

sin0 cos 0 dO (28)

where IV is the Wornskian of the two independent solutions of
the homogeneous equation (27). In our case, this is unity.

And, similarly,

Ve = X cos 0 + X2 sin 0 - cos 0 "[£1
0o L w

(0)-F(0) .
sin 0 d0

+ sin0 G'(B)-F(0)
W

cos 0 d0 (29)

where the constants A, B, and \i, X2 can be evaluated with
the aid of the initial condition.

The relation of Vr and Ve as given by Eqs. (28) and (29) is the
solution of the system (6a) and (6b) when F(6) and G(0) are
any generalized functions of 6.

The solution derived by Yang and Yeh can be readily ob-
tained from relations (28) and (29) when F(0) and G(0) are
expressed as given by relations (19) and (20). The same is
shown below:

For the preceding case, the solutions for Vr and Ve reduce to

Vr = A cos B + B sin 0 - Kf

Ve = AI cos 6 + X2 sin 0 - gK

which can be expressed as

Vr=-R cos(0 + n)-Kf (28a)

(29a)

where //, = (a - 00), which are the same as obtained by Yang and
Yeh [Eqs. (8a) and (8b) of Ref. 8].

The other particular cases as derived by them would follow
easily.
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